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Chapter 1

Introduction

In the technical report by Gillard and Iles [9], several method of moments based es-
timators for the errors in variables model were introduced and discussed. Broadly
speaking, the method of moments estimators can be divided into two separate classi-

fications. These are:
e Restricted parameter space estimators

e Higher moment based estimators

Restricted parameter space estimators These estimators are based on first and
second order moments, and are derived by assuming that a parameter (or a function

of parameters) is known a priori.

Higher moment based estimators If the data displays sufficient skewness and
kurtosis, one may estimate the parameters of the model by appealing to estimators
based on third and fourth order moments. Although these estimators have the initial

appeal of avoiding a restriction on the parameter space, they must be used with caution.

Details of how these estimators were derived, and how they may be used in practise
were again given by Gillard and Iles [9]. This present technical report aims to provide
the practitioner with further details concerning asymptotic variance and covariances
for both the restricted cases, and higher moment based estimators. In this way, this
report can be viewed as a direct sequel to the technical report by Gillard and Iles [9].
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Chapter 2

The Simple Linear Errors in
Variables Model

Consider two variables, £ and 1 which are linearly related in the form
n=a+p%, i=1,...,n

However, instead of observing £ and 7, we observe
T = &+ 0
yi = mte=a+p0§+e

where ¢ and ¢ are considered to be random error components, or noise.

It is assumed that F[§;] = Ele;] = 0 and that Var[;] = 0%, Var[e;] = o2 for all i. Also

the errors 6 and £ are mutually uncorrelated. Thus

Covl[d;,0;] = Covle;,ej] =0,i# 7
COU[(Si,Efj] = O,Vl,] (21)

There have been several reviews of errors in variables methods, notably Casella and
Berger [2], Cheng and Van Ness [3], Fuller [7], Kendall and Stuart [14] and Sprent [15].
Unfortunately the notation has not been standardised. This report closely follows the
notation set out by Cheng and Van Ness [3] but for convenience, it has been necessary

to modify parts of their notation.



Errors in variables modelling can be split into two general classifications defined by
Kendall [12], [13], as the functional and structural models. The fundamental difference

between these models lies in the treatment of the &/s
The functional model This assumes the &/s to be unknown, but fixed constants ;.

The structural model This model assumes the /s to be a random sample from a

random variable with mean p and variance o2

It is the linear structural model that is the main focus of this technical report.

2.1 The Method of Moments Estimating Equations

The method of moments estimating equations follow from equating population mo-
ments to their sample equivalents. By using the properties of &, § and e detailed
above, the population moments can be written in terms of parameters of the model.

This was also done by Kendall and Stuart [14], amongst others.

EX] = El]=n

E[Y] = E[=a+pu
Var[X] = Varlf] + Var[d] = o* + o}
Var[Y] = Varla+ B¢+ Varle] = 3%0% + o7

Cou[X,Y] = Covlg,a+ f¢] = fo”

The method of moments estimating equations can now be found by replacing the



population moments with their sample equivalents

I = [ (2.2)
y = a+pBh (2.3)
Sew = 02402 (2.4)
Sy = (57452 (2.5)
Spy = (07 (2.6)

Here, a tilde is placed over the symbol for a parameter to denote the method of moments
estimator. From equations (2.4), (2.5) and (2.6) it can be seen that there is a hyperbolic
relationship between the method of moments estimators. This was called the Frisch

hyperbola by van Montfort [16].

(8zz — 5?)(3112/ - Ug) = (Sxy)z

This is a useful equation as it relates pairs of estimates (52, 52) to the data in question.

One of the main problems with fitting an errors in variables model is that of iden-
tifiability. It can be seen from equations (2.2), (2.3), (2.4), (2.5) and (2.6) a unique
solution cannot be found for the parameters; there are five equations, but six unknown
parameters. A way to proceed with this method is to assume that there is some prior
knowledge of the parameters that enables a restriction to be imposed. The method
of moments equations under this restriction can then be readily solved. Other than
this, additional estimating equations may be derived by deriving equations based on

the higher moments.

There is a comparison with this identifiability problem and the maximum likelihood
approach. The only tractable assumption to obtain a maximum likelihood solution is
to assume that the distributions of £, § and ¢ are all Normal. Otherwise, the algebraic
manipulation required becomes an enormous task. Further details will be presented
in Gillard [8]. If all the distributions are assumed Normal, this leads to the bivari-

ate random variable (z,y) having a bivariate Normal distribution. This distribution
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has five parameters, and the maximum likelihood estimators for these parameters are
identical to the method of moments estimators based on the moment equations (2.2),
(2.3), (2.4), (2.5), and (2.6) above. In this case therefore it is not possible to find
unique solutions to the likelihood equations without making an additional assumption,
effectively restricting the parameter space. A fuller treatment of restrictions on the

parameter space and method of moments estimators can be found in Gillard and Iles

[9].
2.2 Estimation of the Linear Structural Model

It is possible to write estimators for the parameters of the linear structural model in
terms of (8 and first or second order moments. Once an estimator for 3 has been ob-

tained, the following equations can be used to estimate the remaining parameters.

Equation (2.2) immediately yields the intuitive estimator for u
=z (2.7)

The estimators for the remaining parameters can be expressed as functions of the
slope, (3, and other sample moments. An estimator for the intercept may be found by

substituting (2.2) into (2.3) and rearranging to give
a=7—pz (2.8)

This shows, just as in simple linear regression, that the errors in variables regression

line also passes through the centroid (z,y) of the data.

Equation (2.6) gives
~2 _ Sazy
B
with 3 and Sy sharing the same sign.

If the error variance 0% is unknown, it may be estimated using (2.4)

53 = 84y — 07 (2.10)



Finally, if the error variance o2 is unknown, it may be estimated using (2.5)
52 = s, — [5° (2.11)

In order to ensure that the estimators for the variances are non negative, admissibil-
ity conditions must be placed on the equations. The straightforward conditions are

included below

More precisely, the estimate of the slope must lie between the slopes of the regression
line of y on x and that of x on y for variance estimators using (2.4), (2.5) and (2.6) to

be non negative.

As stated in Gillard and Iles [9], there is a variety of estimators for the slope. This
technical paper will concentrate on the asymptotic theory regarding some of these
estimators. The estimators whose variances are derived here will be stated later, but
for more detail concerning practical advice and also the derivation of the estimators,

the reader is once again referred to Gillard and Iles [9].



Chapter 3

Asymptotics for the Method of
Moments

A common misunderstanding regarding the method of moments is that there is a lack
of asymptotic theory associated with the method. This however is not true. Cramer
[4] and subsequently other authors such as Bowman and Shenton [1] detailed an ap-
proximate method commonly known as the delta method (or the method of statistical
differentials) to obtain expressions for variances and covariances of functions of sample
moments. The method is sometimes described in statistics texts, for example DeGroot
[5], and is often used in linear models to derive a variance stabilisation transformation
(see Draper and Smith [6]). The delta method is used to approximate the expecta-
tions, and hence also the variances and covariances of functions of random variables by
making use of a Taylor series expansion about the expected values. The motivation of

the delta method is included below.

Consider a first order Taylor expansion of a function of a sample moment z, f(x) where
Elz] = p.
fl@) = fp) + (@ =) f'() (3.1)

Upon taking the expectation of both sides of (3.1) the usual approximation



is found. Additionally,

Var [f(z)] = E [{f(z) - E[f(@)]}*] ~ {f
f

The notation L
{%} _9f
ox oz

r=FE[z]

was introduced by Cramer to denote a partial derivative evaluated at the expected

values of the sample moments.

This can be naturally extended to functions of more than one sample moment. For a

function f(z,vy)

{g}2Var[m] + {g_—i}QVar[y] + 2{%}{2—5}001}[3&,3;]

and for a function of p sample moments, z1, ..., z),

Var(f(z,y)]

12

Var[f(zi,...,2,)] ~VIVV

where
af of
v’ —
N (61)1’ o (91‘17)

is the vector of derivatives with each sample moment substituted for its expected value,

and
Varlz:]  Covlzy,zs] ... Covlxy,x,)

Cov[zy,z,] Covlre,x,) ... Var[z,)

is the px p matrix containing the variances of and covariances between sample moments.

Covariances between functions of sample moments can be derived in a similar manner.



Chapter 4

Deriving the Variance Covariance
Matrices for Restricted Cases

Essentially, use of the method outlined above requires the prior computation of the
variance of each relevant sample moment, and the covariances between each sample
moment. For each of the restricted cases discussed by Gillard and Iles [9], the fol-
lowing variances and covariances are used. The variances and covariances needed to
compute the asymptotics for the higher moment based estimators will be stated later

on in this report.

The variances of the first and second order moments are:

02+a§

Var[z] =~ - (4.1)
Varly] =~ w (4.2)
Varls,] ~ (ea — ) + (poa — 03) + 40?03 (4.3)
Varls,,] ~ B%(pes — o) + chf + (%020} + oio?
Varls,| ~ B (pea — o) + (M:t —02) +45%0%02
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The covariances between all first and second order moments are:

Bo?

Covlz,y| =~ - (4.4)
n
Coulg,sus] = 218
n
Covlz, 84y =~ Pres
n
2
Covly, Szy] =~ M
n
2
Cov[z, sy, ~ Phes
n
3
_ 4 2 2 2
Cov[sys, Say] Blres UT)L+ fo~o; (4.5)
2 4
COV[Saz, Sy = B (pea — 0*)
n
33 (pes — o) — 2B0%0?2
Cov[syy, Syy| =~ -

Expressions (4.1), (4.2) and (4.4) follow from the definition of the linear structural
model. To show how these may be derived, the algebra underlying expressions (4.3)
and (4.5) shall be outlined. For brevity the notation & = & — ¢ and nf = n; — 7 is

introduced.

4.1 Derivation of Var|s,,]

Since &; and §; are uncorrelated we can write

low) = B[ =] = E[33ote+ 0]

= SB[ SE@r @+ T

i=1
o + ag.

12

The above result also follows from the method of moment estimating equation stated

earlier, s,, = 02 + 03.
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Bliswy) = 2| Z<x - >}]
- s {S @@y} ]
- LE Z (6 + ater@n) + ol Pon? + )00 + 610
+ L Z; (€267 + 226 + €6 + 266

©AENE)E)E) 2N + (V) T 2AE) ) + (5;)2(5;)2)}
~ % (n(u£4 + 60%02 + pss) +n(n — 1)(c* + 20203 + af%))
Hence it follows that

Var(sy.] = E[(sm)Q] — E2[sm]
_ (pea — ) + (psa — 03) + 40’05

4.2 Derivation of Cov[s,,, Suy]
1 ~ U - -
E[84254y] = EE{Z@’ ) Z(xz —7)(y; — y)}

Now, (x; —2) = (&) + (6f) and (y; — y) = B(&) + (¢F). Substituting these into the
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above summation, and multiplying out leads to

E[Smsﬂty] =

12

Hence,

iE[Z <6(£§)4 F2B(E)X(67) + BIENA ) + BEN ) +26(6)%(5)?

=1

+0(&)(5; ) +(&)%(e ) 2(67)(57)(e5) + (6)(07)*(e7) + (€)7(07) (e7)

2(6) )}

(5°)
L E[ ( P4 2B(E(E)(87) + BE G + BENE ()
i#]
LRBENENE)E) + BE)NEIE) + (E)E (D) +2E)ENE)E)
FENE(E) + (€ E)E) + 2E)E)E)E) + <5:><5;>2<e:>)]

# (n(ﬁ,ug + Ba?os + 2p0%03) +n(n — 1)(Bo* + Ba%?))

Cov[syz, Szyl = ElSzaSayl — ElSua] E[Suy]

B(ues — 0*) + 280%0}
n

13



Chapter 5

Constructing the Variance
Covariance Matrices

For each restricted case, and for the estimators of the slope based on the higher mo-
ments a variance-covariance matrix can be constructed. As there are six parameters
in the linear structural model p, o, 3,02, 02 and ¢? the maximum size of the variance
covariance matrix is 6 x 6. If the parameter space is restricted, then the size of the
variance covariance matrix will decrease in accordance with the number of assumed

parameters.

It is possible to use the delta method in order to construct ‘shortcut’ formulae or ap-
proximations to enable quicker calculation of each element of the variance covariance
matrix. Usually, these shortcut formulae depend on the variability of the slope esti-
mator and the covariance of the slope estimator with a first or second order sample
moment. In some cases the variances and covariances do not depend on the slope esti-
mator used, and as a result are robust to the choice of slope estimator. These shortcut
formulae are stated below, and repeating the style of the previous section, example
derivations will be given. For brevity, the notation |X| = o202 + (*0%02 + 0202 is

introduced. This is the determinant of the variance covariance matrix of the bivariate

distribution of x and y.
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5.1 Shortcut Formulae for Variances

Firstly, the shortcut formulae for the variances will be considered. Var[a] will be the

example derivation provided.

Varlp) = i j; 9%
Varla] = Mﬂ/ar[ﬁ] + M +2u(BCov|z, B] — Covly, 5])

4 9 4 ) )
Varlg?] = %Va?‘[@] + >l +ﬂﬁ(2“n£4 ) B 2502 Cov[say, A

R 4 _ 3|+ ﬁ2 _ 44 202 ~ C xy,B
Varigy) = Gvarli]+ EELI =) 2 (o, - S )
2 4

VCLT‘[(}?] = B2O_4V@T[B] + 2602(5000[59@7 B] - COU[SZ/ZHB]) + ﬁ |Z| i Fr'lu54 - O-E)

Derivation of Var[d]

Varla] = Varly — pz] = {a:(;}QVa'r[g]—l—{g:g}ZVar[B]+{§}2Var[x]
+ o S 2 Yoty 8+ 2{ G H S5 hownla
+ Z{a—i}{a—i}Cov[x,y]
= 12Var[f] + Fos + o + 2u(BCou[z, 5] — Covl7, 3])

A similar shortcut formula was provided in the paper by Hood et al [11]. As out-
lined in Gillard [8], they assumed that (&, 6, ¢) follow a trivariate Normal distribution.
They then used the theory of maximum likelihood to obtain the information matri-
ces required for the asymptotic variance covariance matrices for the parameters of the
model. Applying various algebraic manipulations to Var[@] they showed that

B 2 2 2
Var[a) = pi*Var[3] + blos oc

n
The shortcut formula derived above is a generalisation of that derived by Hood et al.
[11] to cope with non-Normal £. Indeed, if (€, 6, ¢) do follow a trivariate Normal distrib-
ution, then as § is a function only of second order moments (or higher), (3 is statistically

independent of the first order sample moments. As a result Cov[z, B] = Covly, B] =0
15



and the shortcut formula derived above collapses to that suggested by Hood et al. [11]

5.2 Shortcut Formulae for Covariances

Now, the shortcut formulae for the covariances of i with the remaining parameters will

be provided.

Covl,a] = ——2—u00v[f,5}

Covlp, B] = Covlz, ]

Covlji, 5% = % Uﬁcov[ﬂ? Al
2

Covlfi, 53] = /123 + Uﬁ Covlz, f]

Covlfi, 52 = —pBo*Cov|z, ]

The shortcut formulae for the covariances of & with all other parameters are listed

here.
Covla, 3] = Coulg,B] — BCov[z, B] — pVar[f] i
Covla,5?] = ’ﬁvar[ﬁ] + o2 <cov[x,é] - C‘”’[y’m) — LCov[se,, ]
B B p
2
Covla, 53] = %C’ov[sw, 8] — Prss _ 1Cov[s4s, 3] — %V&r[ﬁ]
—o? (COU[Q‘:,B] —Covgj ﬂ])

Covld,5?] = ,u;3 + Buo?VarlB] + Bo?(BCov[z, 3] — Covli, A])

+u(BCoV[Syy, 8] — Couv[syy, 3))

The shortcut formulae for the covariances of B with the remaining parameters are listed

here.
Covl3,5°] = lC’ov[s 3] - O—ZVar[B]
B w B
COU[Ba 6;] = COU[Smam B] M + ﬁ V(l’f’[ﬁ]

C’ov[@,&?] = C’ov[syy,ﬁ] — ﬁC’ov[smy,B] — ﬁa%ﬁzr[@]
16



The shortcut formulae for the covariances of 6% with the remaining parameters are

listed here.

Covle®,635] = —;—ivw[ﬁ] + %2(%00@[3%,5} — Cov[sm,ﬁ]) + 1=l = QO;Zi_ 2050¢

~ 2 .  9Q2.2.2 o 2 2
Conlg 32) = 0"Var(3)~ % Confy, 3 + L2008 22000

€

n

Finally, the covariance between the error variance estimates is

~ 2 ~ _ Y — 9325202 — 25252
COU[&?,&?] — _0'4VCLT[5] + %COU[Syy,ﬁ] _BO-QCOU[SxmB] + ’ ’ ﬁ Un06 o 0'5.

Again, an example derivation is provided.

Derivation of Cov[3,02] We have that

52 =2,
G
A first order Taylor expansion of o2 around the expected values of s;, and 3 is
1 ~ o?
~2 2 2
0" =0+ (Sgy — B0°)= — (B — ()—.

Hence,
Cov[3,5%] = E[(3 — §)(6* — 0%)] = BCOU[SW,@] - %Vm“[ﬁ]-

5.3 Description of Variance Covariance Matrices for
Restricted Cases

The complete asymptotic variance covariance matrices for the different slope estima-
tors under varying assumptions are included in the following pages. For ease of use,
the matrices are expressed as the sum of three components, A, B and C. The matrix A
alone is needed if the assumptions are made that &, 6 and ¢ all have zero third moments
and zero measures of kurtosis. These assumptions would be valid if all three of these

variables are normally distributed.

The matrix B gives the additional terms that are necessary if £ has non zero third

moment and a non zero measure of kurtosis. It can be seen that in most cases the B

17



matrices are sparce, needing only adjustment for the terms for Var[5?] and Covlji, 0.
The exceptions are the cases where the reliability ratio is assumed known, and slope

estimators involving the higher moments.

The C matrices are additional terms that are needed if the third moments and measures
of kurtosis are non zero for the error terms § and e. It is likely that these C' matrices
will prove of less value to practitioners than the A and B matrices. It is quite possible
that a practitioner would not wish to assume that the distribution of the variable &
is Normal, or even that its third and fourth moments behave like those of a Normal
distribution. Indeed, the necessity for this assumption to be made in the likelihood
approach may well have been one of the obstacles against a more widespread use of
errors in variables methodology. The assumption of Normal like distributions for the
error terms, however, is more likely to be acceptable. Thus, in many applications, the

C matrix may be ignored.

As a check on the method employed the A matrices were checked with those given
by Hood [10] and Hood et al. [11], where a different likelihood approach was used in
deriving the asymptotic variance covariance matrices. In all cases exact agreement was
found, although some simplification of the algebra has been found to be possible. As
discussed earlier, the limitation of the likelihood approach is that it is limited to the
case where all random variables are assumed to be Normally distributed. The moments

approach described by Gillard and Iles [9] does not have this limitation.
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Chapter 6

The Variance Covariance Matrices

This section contains the variance covariance matrices for each of the restricted case

slope estimators outlined by Gillard and Iles [9]. These are
e Intercept a known
e Error variance o} known
e Error variance o2 known

known

Reliability ratio k =

_o®
o2 +a§
2

05

Ratio of the error variances A\ = e known
)

Both variances o2 and o2 known
1) €

For brevity, the notation U = 6% + 0}, V = (%02 4+ 02, €1 = jgs — 303, €3 = ey — 30°

and ez = BAus3 + fies shall be used.
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6.1 Intercept a known

The method of moments estimator for the slope based on this assumption is

Y —«

X

8=

Since « is assumed to be known, the variance covariance matrix for fi, 3,52, 63 and 62

is required.

|4

nu?
1
A==
n

1

O =~

n

By

0
0

o O'g _0'20'2 B20'2:7§
p p
2 2 o2
£av -y
V + 204 —% 6‘2’:2‘/—2020? — |2 +Z—§V+20202
4 0.4
%—I—ﬁg—lﬂ‘/—i—Qa? |3 _FV_2ﬁ202(7§
A5+ ££V + 20
00 g 0 0

S|

0

—202 32 g
Hea — 30’4 0 5 bes
0 0
0
Hs3 0
—Bss “;3
0'2 0'2
o Ha3 ~Butted

0.2
fos — 303 — 2%#53 67(5#53 + 112 pes)

0.2
fhes — 302 — 267#53
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6.2 Error variance ag known

The method of moments estimator for the slope based on this assumption is

CR
= 5"

Since o7 is assumed known, the variance covariance matrix for fi, &, 3,62 and 62 is

required.
U —Bo? 0 0 0
ES] 4 282%00) +V —£(S| +282%1) iy iy
AQ:% Si(1Z]+26%03) —2§§§U —2§§§V
202 2320}
212

00 0 0
1
By = — 0 0 0
n
Heq — 30'4 0
0
0 G _DBws 3153
2 2
— 2B s Ls —ﬁ;éw —Buss  pes — s
1 2 2
CZ = E %61 —%61 —5—261
€1 5261
es + Bley
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6.3 Error variance o2 known

The method of moments estimator for the slope based on this assumption is
= Syy — 0%
Szy

2

2 is assumed known, the variance covariance matrix for f, &, 3,6% and 63 is

Since o

required. For brevity, the notation W = (8%|%] 4 202) 4+ V is introduced.

U —B0} 0 0 0
ﬁ’;—;W ~ W G (02V + flo%0y) _25552‘/
Az = % 52104W " B Fogz(02V + Blo?a}) 25(2%
Z(B'U? + V2 = 28%08) —Z(02V +23%020?)
2v2

000 g O

0 0 0 0
Bs = l 0 0 0
n
pes — 30* 0
0
0 0 0 0 Hs3
_215% ﬁ —’2;523 /23523 — Buss
C3 = % 325102 53102 €2 B2 62
o e
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6.4 Reliability ratio xk = T2 known
5

The method of moments estimator for the slope based on this assumption is
b=

linx

The variance covariance matrix for fi, &, 3,52 and &3 is required. For brevity, the no-

tation w = 1 — k is introduced.

U —po? 0 0 0
M2|Z|+V _f‘%l 0 2 ﬁ(l H)|E|
A= B _opUy
20 —23%kc*0?

432(1 — K)|X| + 202

W 2w
0 —uZZ ey T e fhe3 — 3% i3
0 0 0 0
]' 2 2 Ko 3w2
By =~ T (tga — 30%) 22 (pea — 30") =25 (pea — 30%)

K2 (pes — 30%) =Ko (pes — 30)
Ba® (pea — 30*)

0 M%M&a - 5—5%3 KHLs3 3Pkipuss
20 sy Thuss  —Brouss — ks + s

Cy= % %61 —’60%261 —ﬁjgz €1

F?K2e, FK2e,

B*Kk%e; + ey
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2
6.5 Ratio of the error variances \ = % known
1)

The method of moments estimator for the slope based on this assumption is

(Syy — ASyzp) + \/(Syy — ASgz)? + 4/\(39631)2
254y ’

8=

The variance covariance matrix for ji, &, 3,62 and 63 is required.

U fBo? 0 0 0
M2|E‘ +V —Mli‘ (ﬂQ_M U2|2‘ 0
1
_ 5|

A= A —wawlEl 0
4 45| 20302
20°t @y T FEW

20(‘51

00 0 0
1
By = — 0 0 0
n
Hea — 30’4 0
0
A8 A8 A g2
0 Ginazhes  —Emgezhes  EEragHes By Hos
pB 8 &}
2@ FENer s —Fy @~ Phes
oL BPestX?B2e;  _ (BeatAfBer) Bey—AFPes
5 — n (/g2+)\)20.4 (52+>\)202 (,32+/\)202
62+)\261 _ (52+>\ﬂ261)
(B2+X)? (B24+1)2
ea+Be1
(B2+A)?
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6.6 Both variances o2 and ¢? known

The method of moments estimator for the slope based on this assumption is

_ 2
5 Syy — O¢

B = sgn(ssy) 5o — Ug‘

The variance covariance matrix for ji, &, 3 and 62 is required.

U —po? 0 0
1 0 0 0
A7 = E |E‘ (/620'2—0'2) Bo.2 9
o+ g~z (U+0%)
fiea — 30
000 He3
1 0 0 0
B; = —
n 0 0
Hea — 30!
0 1iigs — G Hs3
2 2
o 1 _%N&& - ##53 2%#63 + 2%6032 —Bhss
1541 3204 252 %1
€1
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Chapter 7

Variances and Covariances for
Higher Moment Estimators

The methodology underlying the derivation of the asymptotic variances and covari-
ances for estimators based on higher moments is identical to that outlined previously.
However, the algebraic expressions for the variances and covariances of higher moment
based estimators are longer and more cumbersome than those for the restricted pa-
rameter space. As a result, the full variance covariance matrices for higher moment
estimators will not be reported here. However, the expressions needed to work out the
full variance covariance matrices for the slope estimator based on third moments will
be provided. These expressions can then be substituted into the shortcut formulae to

derive the full variance covariance matrices.

7.1 Estimator based on Third Moments

The estimator for the slope § based on the third order moments derived by Gillard
and Iles [9] is

5 _ Sayy
By = —.
Szay

In order to use the shortcut equations outlined earlier, the quantities Cov|z, Bg], Covly, Bg],
Cov[syy, Bg}, Cov[syy, 58} and Covlsy,, Bg] are needed. Further, to obtain these quanti-
ties, the covariances between each of the first and second order moments (Z, ¥, Szz, Say,
syy) and the third order moments that occur in Bs (Suay, S2yy) Must be obtained. Also,

the variances of these third order moments must be obtained, as well as the covariance
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between them.

Using the method illustrated in deriving Var|[s,,| and Cov[s,,, s4,], the required co-

variances between the second order and third order moments are:

Var[sya]

Var[syy,|

Cov[Z, Suuyl
Cov[Z, Suyy)
Covy, Syay]
Covly, Suyy]
Cov[Szzs Szay]
Cov[Syy, Szay]
Cov[syy, Spayl
Cov[Sya, Sayy]
Cov[Szy, Szyyl
Covsyy, Sayy)

Cov[Seay, Seyy)

B2(pee — fies®) + 662 1eacs® + peao? + 45% espiss
n
+ﬁ202u54 + pss0.2 + 602050,
n
B (pes — pes?) + 652 peacs® + BHueaos® + 4B8uespies
n
02”54 + 0'62,“54 + 6520205205
n
I} (,ng4 + 30’2052)
n
B lies + 05202 + B*0Pos® + 0.
n
B ligs + 05202 + B*0Pos® + 00>
n
B (P pea + 30%0.%)
n
B (pes — 0 es) + 5Buesos® + 4802 puss
n
3% (pes — 0 ies) + 30 pesos” + 022 (pes + piss) + 70> piss
n
G (pes — 02H§3) + 0% e + 052 phes + 53,&53052 + 25/%3052
n
B2 (g5 — 02 pes) + 202 pes0s” + 3202 lss + Hezo® + pozos?
n
B33 (g5 — 02 pes) + 3Bz + 02 pues + 052 ez + 32 pesos”
n
B (pes — 02 pes) + 56 ez + 4002 s
n
B lgs — 0 pes® + 30pea0.? + 33° pesos?
n
pesties + B2 pespiss + 900205202 + fusspes
n

2

2

+

_|_

By using the methodology outlined earlier, we can now obtain the variance of our slope

estimator (s, and the covariances of our slope estimator with the first and second order
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moments.

- B2 lugao® + Bugacs® + 2Bugapies + 02ty + 052 pes — 6320% 05202

Var|p =
[ 8] 52,%32”
20% espiss + B0 sy + B psace? — 2Busaties
+
5%“?3”
B 20.2 — 2820205> 20,2
Covlz, B = o5°0 Bo0s° + o0
5#63”
} 90202 — g:20.2 — o202
CO’U[g,ﬁg] — € (5 € 6 (S
He3m
~ -3 2 2 3 2 2 2 2
Covlsu B = B pe30s B0 s3 + pe3oe” + s30e
ﬁ,ug:sn
C >  2Bpeso’ + 0% ey + 057 ez — 2% 1ez05” — Blusso® — 320 s
0U[S4y, Bs] =
5#53”
- 301e30:% 4 302 ez — 052 pres — 2 pie305”
Cov[sy,, Bs] =
He3T

We now have each of the components needed to use the shortcut formulae to obtain
the following variance covariance matrix for the parameters y, a, 3, 0%, 03 and o2 when

the estimator Bg is used.

7.2 Estimator based on Fourth Moments

The estimator for the slope 3 based on fourth order moments derived earlier is

Gy = Sayyy — 3SaySyy
Szmxy - 33xr3xy

In order to use the shortcut equations, the quantities Cov|Z, Bg], Covly, Bg], Cov(Syg, Bg],

Cov|syy, Bg] and Covls,,, Bg] are needed. Further, to obtain these quantities, the co-
variances between each of the first and second order moments (Z, ¥, Syz, Szy, Syy) and
the fourth order moments that occur in Bg (Szyyys Szzzy) Must be obtained. Also, the
variances of these fourth order moments must be obtained, as well as the covariance
between them. The formulae for these quantities are very lengthy and full details will

be given in Gillard [?]. However, there is a potential difficulty.

As can be seen from the shortcut formulae, a key component of the variance covariance

matrices is Var[3]. For the estimator of the slope based on fourth moments, Var[3]
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depends on the sixth moment of £. High order moments may be difficult to estimate
reliably, so the authors believe further work is needed to establish whether this formula

is of practical value. Again, full details will be given by Gillard [8].
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